A new treatment of the path of the rear wheels of single and multiple axle vehicles produces simple first order differential equations for the motion of the rear wheels relative to the front wheels. We show for the first time, under the assumption of no slipping, that the path of the rear wheels depends only on the path of the front wheels and not on the vehicle speed. We examine motion along straight, circular and winding roads, giving closed form solutions in the first two cases. We also provide a straightforward algorithm for computing vehicle offtracking for any road geometry. We believe these results will be of significant benefit to road designers.
Introduction
The object of this paper is to provide a more direct and accessible description of the motion of the rear ends of single and multiple chassis vehicles given the path of the front wheels. The principal assumptions are that there is no wheel slip and the road is flat (it may be uniformly sloped). This problem in its simplest form was posed by Baylis [3] and Bender [4] and finally Freedman and Riemanschneider [7, 8] gave a master equation which yielded closed form solutions in the constant speed cases of straight line and circular motion of a single chassis vehicle. Alexander and Maddocks [2] gave a careful discussion of the kinematics of vehicle rolling and analysed the problem of circular motion of the front wheels in order to approximate vehicle turning. They also discuss offtracking of the rear wheels and optimal steering strategies needed to minimise it. The significant advantages of the our approach are that there is no constant velocity restriction (in fact we prove that the motion is independent of the vehicle speed) and that the problem of fish-tailing can be addressed (that is, the problem of the back wheels crossing the path of the front wheels). In addition, the differential equations for the model are straightforward to deal with symbolically and numerically for more or less any road geometry that the designer cares to specify. We also give a computationally simple approach to offtracking. Extensive Maple programs related to this work can be found in [5] and are available on request to the authors.
In section 2 we introduce and deal with the motion of a bus and cabtrailer. We prove some general theorems (velocity independence and fishtailing) about the motion of the rear wheels, and then produce explicit solutions for the cases of (entry to) straight roads and (traversal around) roundabouts.
In section 3 we introduce and deal with the motion of an articulated truck with multiple trailers. We identify the ordinary differential equations for the motion of the axles. In particular we look at straight line and circular motion, then produce some qualitative results for general motion.
The reason for modelling the rear motion of a vehicle is to know how far it offtracks (deviates) from the roadway. A numerical measure of this deviation for a given road geometry is what designers want. In section 4 we introduce new methods to calculate this deviation in an effective manner which we illustrate in the case of circular turning. We believe that the material in this section should be accessible to engineers without recourse to some of the more technical parts of the paper. The results in this paper are based mainly on the unpublished report by Prince [9] and the thesis of Dubois [5] . We do not address the related issue of vehicle jackknifing, this was treated by Fossum and Lewis [6] and their results are recovered by Dubois in [5] using the methods developed here.
2 The bus and cab-trailer problems
The bus problem
The notation for the problem is fixed in figure 1 . Here and throughout the paper we assume that there is no slip and that the road is flat although it may be uniformly sloped. Our assumptions about the steering gear are the same as those of the papers cited in the introduction and we refer to [2] for a detailed discussion. In this no slip case the motion of the midpoint of the front axle P (t) determines the motion of the midpoint of the rear axle Q(t) because Q must always follow P. So we have the differential equation 
(an overdot indicates
.) Given the motion of both P and Q the motion of any other point on the chassis (e.g. a rear corner) is known. The undetermined scalar function γ(t) is the (signed) speed of Q.
Freedman and Riemanschneider analysed (1) through the function γ(t). They eliminated Q(t) obtaining a third order differential equation for the integrating factor ξ(t) := exp t 0 γ(s)ds before returning to an expression for Q(t) to obtain their final solution when P (t) satisfied a second order, linear, constant-coefficient differential equation (a significant assumption). We will instead concentrate on the motion of Q relative to P and eliminate γ(t) at a very early stage. In this way we obtain a first order ordinary differential equation for the angle ψ shown in figure 2, without any restriction on P . In terms of these variables Q(t) is given by
From (1) we obtainḂ
Hence,
Replacing γ(t) in (3) we havė
In co-ordinates
In itself (5) is an improvement on (3) and may be solvable for certain forms of P (t). Indeed it shows that −Ḃ is the component ofṖ perpendicular to B. However, we can do a lot better by producing an expression for dψ dt
. By taking the dot product of (5) 
This equation is valid for t ≥ 0, ψ ∈ R.
In this way we find Q(t) through (2) without recourse to analysis of γ(t). Before we go on to illustrate the efficacy of this method by considering circular and straight line motion, we will prove that the path of the rear of the vehicle is independent of the speed of P along its path. This new result is important in both numerical and symbolic simulation because it means we can model the road with any parametrisation we like without having to realistically model the vehicle speed. Proof. Changing the speed of P along its path is equivalent to a regular re-parametrisation of the path (the change in speed is assumed smooth and without halts). If the new time parameter is s then we have s = h(t) where h and its inverse are at least once differentiable on appropriate intervals, and we can assume without loss that h(0) = 0.
In this parametrisation the derivation producing equation (8) gives instead
where, by assumption,
since h (t) = 0 by assumption, and ψ(h
Comparison with (9) and an appeal to the uniqueness and existence theorem for these initial value problems shows that ψ • h −1 =ψ as required.
In hindsight the result seems physically obvious given the no slip condition, but we don't have a completely watertight kinematic proof. It is however possible to employ the same proof technique to equations (1) and (4) but this is more tedious.
Straight line motion
The straight line motion of P can be used to model entry onto a straight road or part of a lane changing manoeuvre. We will examine the former situation, in part because we can model the latter situation more comprehensively with an appropriate polynomial P (t). We suppose that the straight road is at an angle φ to the horizontal and that the chassis is initially at an angle ψ 0 to the horizontal. Let
Here f (0) = 0, α, β are constant vectors with α := (cos(φ), sin(φ)) and f (t) is assumed C 1 (R). As a result of theorem 2.1 we could assume that f (t) = t for forward motion, however the problem presents no difficulties as it stands. Equation (8) gives
The solution of this initial value problem is given implicitly by
.
We can suppose that f (t) is an increasing function so it follows directly from the solution above that lim
as expected. The physical consequence of this is that the rear of the bus does not swing across the line of motion of P (i.e. there is no fish-tailing; see also proposition 2.2 and section 4).
Circular motion
Now we model motion on a roundabout of radius R, or equivalently, the circular turning with radius of curvature R, of a vehicle around a corner.
(But again, we can model the corner turning more comprehensively with a designed function P (t).) Let
with Ω(0) = Ω 0 , Ω(t) is C 1 (R) and R is a positive constant. Equation (8) yields the separable equation
whose solution is available from standard integrals in each of the 3 cases of the ratio R/L. This circular case is much more interesting than straight line motion. To proceed with the analysis we assume the following standard configuration: Ω 0 = 0 and ψ(0) = 0 (so that the bus enters the roundabout on the right and at right angles to it) and Ω is an increasing function (so that the bus proceeds anti-clockwise around the roundabout: see figure 3 ).
When L < R, equation (11) (without the accompanying initial conditions) has constant solutions given by
In equation (2) this produces a circle of radius √ R 2 − L 2 centred on the origin. This is a limit cycle and the rear wheels of a bus entering the roundabout in our standard configuration in the case L < R spiral onto this circle. When L = R this limit cycle degenerates to a fixed point at the origin and the bus eventually performs circular motion about the point Q at the origin! (Of course the steering gear won't allow this.)
When L > R there are no constant solutions of equation (11) and ψ − Ω is a decreasing function. Our standard solution has points of closest and furthest approach lying on circles of radius
obtained from equation (2) . The problem of fish-tailing is easily analyzed in the circular case: Q crosses the roundabout when B forms a chord on the circle of radius R. A little geometry shows that this occurs precisely when
For L ≤ R this occurs precisely once for our standard solution. When R < L ≤ 2R it occurs repeatedly (the closed form solution of equation (11) is required for the analysis). When L > 2R it doesn't occur at all and Q lies outside the roundabout at all times. Again note that we could assume Ω(t) = t or Ω(t) = ωt by virtue of theorem 2.1. Figures 3, 4 and 5 illustrate the motion (with Ω(t) = t and L = 1) for the 3 cases L < R, L = R and L > R respectively. These diagrams were produced from exact solutions of equation (11) on the horizontal axis represents the vehicle. In the last two figures the roundabout has to be traversed multiple times for the rear axle to traverse the entire red curve, hence the very unphysical appearance. Because in reality a vehicle only traverses part of the roundabout, the motion is physical and the diagrams indicate the potentially disastrous effect of a vehicle too long for the roundabout. There are two fishtailing problems: does Q cross lanes on entry to a roadway, and does Q cross lanes on a road with changing curvature? We can answer the first fishtailing problem here: if P travels on a concave path with a positive slope with the following proposition which we give without proof (see [5] ). Proposition 2.2. Suppose that P travels on a concave curve with positive slope (see figure 6 ). Assume Q is initially under the path of P with ψ 0 ∈ (−π, − π 2 ), then Q travels in a concave curve with a positive slope and the path of Q never crosses the path of P. In the limit t → ∞ Q approaches the path of P.
The second fishtailing problem will be discussed in section 4. 
The cab-trailer problem
Our cab-trailer has a comparatively small cab, length l, compared to its trailer and only 2 axles. One is on the cab (which we have assumed to be in the middle of the cab) and the other set is at the rear of the trailer. Assume also that the hitching point for the trailer is directly over the cab's axle. (These are not mathematical simplifications, nothing is changed by adding more axles.) This is shown in figure 7 .
The motion of the rear of a cab-trailer and the motion of the rear of a bus are essentially the same, thus the basic configuration of the cab-trailer is the same as the bus (as seen in figure 1) . The difference appears only in simulation because the cab will not necessarily face along the same line as the trailer, since it must face along the tangent line to its path (the road) at any particular time. This means separate equations must be used in modelling the cab and the trailer. The trailer equations are the ones that match those of the bus, the only difference is the range that they are calculated for, as the body of the trailer does not extend from axle to axle as shown in figure 7 .
Because the cab is to be represented by a line segment disjoint from that of the trailer in the Maple simulations we create two equations for the cab: one for the horizontal coordinate and the other for the vertical coordinate, denoted cab1 and cab2 respectively (see figure 8) . Both have time and s dependence, where the range of s defines the length of the cab and time defines the position of P. The equations for the trailer are the same used for the bus, the only difference is the range of s used in the calculation of trailer length.
Since the cab must, at any specific time, be pointing along the tangent to the curve, have length l and the midpoint of the axle is at the point P (t), then we have equations for the line segment representing the cab (see figure  8) cab1(t, s) := P 1 (t) + sṖ 1 (t), cab2(t, s) := P 2 (t) + sṖ 2 (t), (15) where 
Straight line motion
As before let P (t) := f (t)α + β with f (0) = 0, α, β constant vectors with α := (cos(φ), sin(φ)). f (t) is assumed C 1 (R). Now using equations (15) we get for the cab
The motion of the trailer is given by (10).
Circular motion
As before let
P (t) := R(cos(Ω(t)), sin(Ω(t)))
with Ω(0) = Ω 0 , Ω(t) is C 1 (R) and R is a positive constant. 
cab2(t, s) = R sin(Ω(t)) + sRΩ(t) cos(Ω(t)). (17)
The motion of the trailer is given by (11). Figure 9 illustrates the motion (with Ω(t) = t and L = 1 for the case L < R). It is obtained with Maple and is one of the frames of animation of the motion and was produced from exact solutions of equation (11) along with (16).
Motion on an S bend
A toy model of the motion of an articulated vehicle on an S bend can be obtained with P (t) := (t, t(t − 1)(t − 2)).
Figure 10: Cab-trailer on an S bend
We used Maple to numerically integrate (8) and, along with (2) and (15), to produce figure 10 in which P is assumed to travel along the centre of the left-hand lane. This diagram is the first frame of an animation showing the paths of Q and the rear corners of the trailer. (The road and its centreline are dark and the paths of the rear of the vehicle are lighter.) Of course, more sophisticated polynomials need to be used to fit actual lane geometries, but from a computational point of view we can always parametrise the path of P by the horizontal co-ordinate as we did here by virtue of theorem 2.1.
The articulated truck problem
The object of this section is to provide a direct and accessible description of the motion of the rear end of an articulated truck, given the path of the front wheels. Our articulated truck is a comparatively small cab (length l) with multiple trailers (n) attached and having n + 1 axles. One of the axles is on the cab (which we have assumed to be in the middle of the cab) and the others are at the rear of each trailer. Since all axles on the trailers are fixed, it wouldn't make a difference if there were more than one axle on a trailer, L would be taken to be the distance between the front axle and the nearest rear axle.
We begin by examining the motion of the 2 trailer articulated truck shown in figure 11. Assuming there is no slip and a flat road, and following the approach of section 2 we obtainQ
Given the motion of P , Q and M, the motion of any other point on the vehicle (e.g. a rear corner) is known. We concentrate on the motion of Q relative to P and M relative to Q. In this way we obtain two first order ordinary differential equations for the angles ψ 1 and ψ 2 shown in figure below, without any restriction on P or Q. In terms of these variables, Q(t) and M (t) is given by
Following the derivation of (7) we obtain
Thus we have a pair of equations that show us the angular speed of midpoint of the front axle of each of the trailers around the midpoint of the rear axle of the corresponding trailer. In this way we find Q(t) and M (t) without recourse to analysis of γ 1 (t) or γ 2 (t). Because of these equations are coupled it is unlikely that any closed form solutions will be able to be found even for straight line and circular motion and the ordinary differential equations will need to be solved numerically. This is a routine matter.
In general, the angular speed of the midpoint, Q k , of the rear axle of the k th trailer around the midpoint of the rear axle of the (k + 1) tst trailer is given by (where
Finally, we can state the analogue of theorem 2.1:
. n is independent of the speed of P along its path. (The paths of the rear wheels of the trailers is independent of the speed of the vehicle.)
The reader is referred to the paper by Altafini [1] for a control theoretic approach to the n trailer problem.
Straight line motion
Despite not being able to decouple the two ODEs (22) and (23), we are still able to produce some qualitative analysis of articulated trucks. Since we are concerned about the path of the rear of the final trailer we can ask the following question: for an articulated truck with n trailers entering a straight road, does the rear of the final trailer swing across the line of motion of P (i.e. is there any fish-tailing)? Using results from section 2 we have the following result (see [5] ): 
Circular motion
Since we are concerned about the path of the rear of the final trailer we can ask the following question for circular motion: for an articulated truck with n trailers travelling around a roundabout, when does the final trailer have spiral motion. Using the facts that we know about a vehicle travelling in circular motion from the bus and semitrailer cases we have the following theorem (see [5] for a proof): Similarly, if R > √ nL then the rear of all the trailers traverse limit cycles. If R < √ nL then jackknifing will occur when multiple traversal of a roundabout is attempted. Figure 13 illustrates the motion of a 2 trailer articulated truck (with Ω(t) = t and L 1 = L 2 = 1) in the second of the above cases. From our simulations (eg figure 10) we can visualize the deviation of the rear of the vehicle from the road, now we introduce a new angle ξ from which we will be able to explicitly calculate the three measures of offtracking shown in figure 15 : the perpendicular deviation P D(t), chord deviation C(t) and arc deviation A(t).
Assume that we are dealing with the motion of a bus or cab-trailer. To recap, the position of the midpoint of the front axle P (t) is given and the midpoint of the rear axle is at Q(t). The distance between Q(t) and P (t) is L. Now if we have appropriate restrictions on P, there exists a point P (t ) on the path of P , such that the distance from P (t ) to P (t) is also L, that is,
where t < t. Now ξ is the angle between − −−−−− → P (t)P (t ) and −−−−−→ P (t)Q(t). The relationship between ζ, ξ and ψ is shown in figure 14 .
So to find ξ there are two steps:
Step 1. Find the largest t < t such that
Step 2. Solve the following equation for ξ(t):
Using (2) this becomes From a computational perspective finding ξ(t) from (26) involves, for each t, solving (25) for t for the given (polynomial say) road geometry P (t). Then these t values, along with the numerical solution to (8) , are used in (26) to compute ξ(t). Lane crossing occurs when ξ(t) = 0 andQ(t) is not parallel tȯ P (t ).
The formulae for the three measure of offtracking are As expected A is a closer approximation to C than it is to P D when A L (28) and (29) respectively, poses no difficulty.
A(t) := Lξ(t)

In any event computation of either C(t) or P D(t), with
Straight-line motion
This time we will take advantage of theorem 2. The deviation definitions (27), (28) and (29) all demonstrate that the offtracking is consistent with the results in section 2.2.
Circular motion
Let P (t) := R(cos(Ω(t)), sin(Ω(t))).
Without loss we take Ω(t) = t. Given the definition of ξ we see that we can consider only the case L ≤ 2R since the maximum chord length on the path of P is 2R. Notice also that in this circular case P D(t) = |R − Q(t) |.
To obtain ξ we first solve equation (25), giving
Equation (26) gives
. 
Conclusion
We believe that we have overcome a number of theoretical and computational difficulties in modelling the motion of long, single and multiple axle vehicles. With the tools described here the road designer can explicitly compute the footprint of a vehicle as it traverses a given road geometry and produce graphs of offtracking. Such tools should take some of the guesswork and rules of thumb reckoning out of the existing design tools.
